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Introduction 

This paper extends classical results in the invariant theory of finite groups and 
finite group schemes to the actions of finite Hopf algebras on commutative rings. 
Suppose that iJ is a finite dimensional Hopf algebra and A a commutative algebra, 
say over a field K. Let 5 : A A® H he &t\ algebra homomorphism which makes 
A into a right _ff-comodule. In this case A is called an i?-comodule algebra. The 
coaction of H on A corresponds to an action of the dual Hopf algebra H* . For 
technical reasons all results in this paper are formulated in terms of coactions. 
The situation where H is commutative can be described geometrically by giving 
an action of the finite group scheme G — Spec H on the scheme X = Spec A. The 
subring of G-invariants A'~^ C A represents then the quotient scheme X/G. A fact 
of fundamental importance states that A is an integral extension of A'^ . In case of 
ordinary finite groups this classical result goes back to the work of E. Noether. The 
question of whether a similar assertion is true for a noncommutative H was posed 
by Montgomery [20, 4.2.6]. Shortly afterwards Zhu [30] succeeded in verifying two 
special cases and constructing a counterexample in general. 

The first objective of the present article is to investigate the integrality of A over 
A^ more thoroughly (here A^ stands for the invariants of the given coaction). A 
part of the argument given in [7] and [22] for commutative H carries over without 
problems. Since A is commutative, A (g) iJ can be regarded as an v4-algebra with 
respect to the action on the first tensorand. Since A (g) is free of finite rank over 
A, with each element u € A ® H one can associate its characteristic polynomial 
PA®H/A{u,t) e A[t\. Letting 

n 

PA®H/A{5a,t) = Cit' 
i=0 
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for a G A, where n — dhnH, one has c„ = 1 and X]"^o '^i'^'' = 0. If is commutative 
then Co,...,c„ G , and the desired integrahty is achieved. At this point the 
noncommutativity of H spoils the game altogether. It is nevertheless shown in 
Theorem 2.5 that co. • • • , f;„ G for any H provided that A is iJ-reduced, that is, 
A has no nonzero ff-costable nil ideals. Crucial for the proof is the freeness of finite 
dimensional Hopf algebras over commutative right coideal subalgebras. Because 
of nice fimctorial properties of characteristic polynomials, it is possible to pass to 
finite dimensional Hopf algebras E®H over various fields E where the characteristic 
polynomials can be computed using the above mentioned freeness. 

The integrality of A over A^ is proved in Proposition 2.7 and Theorem 6.2 not 
only for an i?-reduced A but also in other situations. It always holds when either 
char K ^Q,OY H \s cosemisimple, or there exists a total integral H ^ A'm the sense 
of Doi [8]. In Zhu's paper [30, Th. 2.1, Cor. 3.3] the integrality was proved under 
the assumptions that either char if does not divide dimiJ and H is involutory or 
char K ^ Q and H* has a cocommutative coradical. In the first of these two results 
H is necessarily semisimple and cosemisimple. At the same time it is still not known 
if every semisimple Hopf algebra is involutory when char if ^ [17]. 

The invariance of characteristic polynomials enables one to investigate the map 
Spec A — > Spec A^ between the prime spectra of rings A and A^ much in the same 
spirit as was done in case of commutative H. It is shown in Theorem 3.3 that this 
map has finite fibers, is open and satisfies the going-down property. 

With each p G Spec^ we associate the orbital subalgebra 0{p) C k{p) (g) H 
and the stabilizer subalgebra St(p) C k{p) ® H* where k{p) denotes the residue 
field of the local ring Ap. A prime p will be called ii-regular if dimj,(p-) 0{p) does 
not change in a suitable neighbourhood of p in Spec A. The assumption that the 
algebra A is iJ-reduced and all prime ideals of A are ii-regular implies that A is a 
finitely generated projective A^-module and the iJ-costable ideals of A correspond 
bijectively to the ideals of A^ . This is the content of Theorem 4.3 which extends 
my earlier work [26] . The conclusions of this theorem were known to be true when 
A is an ii-Galois extension of A^ . 

The purpose of section 5 is to show the existence of a total integral H ^ A 
for an ii-comodule algebra with semisimple stabilizer subalgebras St(p). This is 
one of cases in which the canonical maps A^ (A/I)^ are surjective for all H- 
costable ideals I of A. In general, if the latter property is fulfilled, A will be called 
weakly reductive with respect to coaction of H. This property is essential in the 
final major result of this paper. Theorem 6.2 states that A^ is Cohen-Macaulay 
whenever A is Cohen-Macaulay and weakly reductive. This generalizes a result of 
Hochster and Eagon [14, Prop. 13] according to which the Cohen-Macaulay property 
of a commutative ring A descends to the subring of invariants of a finite group G 
acting on A by automorphisms provided that the order of G is invertible in ^. A 
point of interest here is that A is always weakly reductive when char if = 0, even 
if H is not cosemisimple. Theorem 6.2 also gives sufficient conditions for A to be a 
finitely generated ^^-module. 

Summarizing, the invariants of a noncommutativc H behave as decently as in 
the commutative case provided that one is going to be content with the i?-reduced 
algebras A. The assumption that if is a field was made in this introduction only 
to illustrate the results in the simplest case. Working over a commutative base ring 
involves no significant complications. 
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1. Preliminaries 

Wc fix a few notations for the wliole paper. Assume tliat K is a eommutative 
ring, iJ is a Hopf algebra over K whose underlying K-module is finitely generated 
and projective, and A is a commutative right if-comodule algebra. We will consider 
mainly right comodules, and the prefix "right" will be omitted. All tensor products, 
when the base ring is not indicated, are taken over K. The comultiplication, counit 
and antipode in H are denoted as A, e and a, respectively. We write symbolically 
A/i = Y.(h) ^' ® and (A ® id)A/i = Y.(h) ® ® h'" for heH. 

For every JJ-comodule M denote hy 5 : M M®H the corresponding structure 
map. In particular, 5 : A ^ A® H is a. homomorphism of unital algebras. Denote 
by C M the if-submodule of invariants. Thus = {?; e M \ 5%j = v ® 1}. 
Clearly A^ is a subalgebra of A. Next, M.j^ stands for the category of right {H, A)- 
Hopf modules [8]. The objects of M.^ are right j4-modules equipped with a right 
il-comodule structure such that 

5{va) = 5(v)5{a) for all ?; G M and a & A. (1.1) 

Here and later we regard M®H as& right A®H-mod\x\e by means of the operation 
[v ® g){a ® h) = va ® gh for v £ M, a & A and g,h G H. The morphisms in 
are maps which are compatible with both structures. 

Lemma 1.1. Suppose that S C A^ is any multiplicatively closed subset. Then S~^A 
is an H-comodule algebra and S~^M € A4g-i^ for every M € A^^. Moreover, one 
has (S-'^M)" ^S^'^iM"). 

Proof. Let us regard M (g) as an ^^-module by means of the action on the first 
tensorand. The two maps 5,l : M ^ M ® H where i(v) = v ® 1 for u S M are 
homomorphisms of ^^-modules. Hence 5 extends to a map S~^M — > S~^M ® H 
which makes S~^M into an J?-comodule. One checks easily that (1.1) is fulfilled 
for the action of S^^A on S^^M. The assertion about {S~^M)^ is obtained by 
applying the localization functor <S'~^(?) to the exact sequence of ^^-modules 

— — >M M^H. 

□ 

This lemma will be used in two cases. If 5* = {s* \ i > 0} where s G A^ then the 
localizations are denoted as Ag and Mg. If S = A^ \ q where q G Spec^^ then the 
notations are and Mq. 

An ideal / of A is called H-costable if 6{I) <Z I ® H. This makes sense since 
I ® H is embedded into A if by the ii'-projectivity of H. If I is if-costable then 
5 : A ^ A® H induces a ring homomorphism A/ 1 — > A/I ® H which makes A/ 1 
into an ff-comodule algebra. 

If q G Spec K then = K^®H \s & free module over the local ring . Denote 
by rkq H its rank. If rkq H does not depend on q, then H is /^-projective of constant 
rank. 

Lemma 1.2. One has K = Y\Ki, H = Y\Hi, A = Y\Ai where the products are 
taken over a finite set of indices, each Ki is a commutative ring. Hi is a Hopf 
algebra over Ki which is Ki-projective of constant rank, and Ai is an Hi-comodule 
algebra. Moreover, A" '^W Af' . 
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Proof. For each i > the subset Xi = {q <E SpocJ-T | rkq H = i} is open in Spec /-T 
[4, Ch. II, §5, Th. 1]. Now Spec if is a finite disjoint union of tliese subsets Xi, wliere 
we remove the empty subsets. By [4, Ch. II, §4, Prop. 15] K contains a family of 
orthogonal idempotents {ci} such that ^ = 1 and Xi = {q & Spec-fT | 1 — S q} 
for each i. If V is any if-module then y = f| where Vi = V/{1 — ei)V. This gives 
the first three isomorphisms of the lemma. Similarly, H = Yii^i -f^i) ^^'^ the 
map S : A ^ A^H is compatible with the cartesian products. Hence the assertion 
about A". □ 

As is well known, the dual H* = E.omK{H, K) of is a Hopf algebra in a 
natural way. The if-comodule structures are in a bijective correspondence with the 

left _ff*-module structures [24, Prop. 1]. The operator giving the action of ^ G H* 
on an ff-comodule M can be written as the composite 

L^:M~^M®H ■> M ®K ^ M. (1.2) 

One sees that M" = {v e M \ {H*)+v = 0} where {H*)+ = e H* \ ^(1) = 0}. 
We may regard H as a right if-comodule via A. 

Lemma 1.3. H is a finitely generated projective H* -module with respect to the 
corresponding action of H*. 

Proof. By [24, Prop. 2, Lemma 2, Prop. 3] with H and H* interchanged the set of 
left integrals P{H) = {x G H \ hx = e{h)x for all h S H} is a rank one projective 
ii'-module and the map H* (g) P{H) — > H defined by the rule ^ <8) a; i— > L(^{x) is 
bijective. Clearly H* ® P{H) is a finitely projective ii*-module. □ 

A reduction of the base ring to a field is one of our tools. We will need several 
facts from earlier work. Assume until the end of this section that K is a field and 
H is a finite dimensional Hopf algebra. A left (respectively, right) coideal subalgebra 
B C H is a subalgebra satisfying A{B) C H ® B (respectively, A(5) C B ® H). If 
H is cocommutative then the two inclusions are equivalent to one another, and so 
every left coideal subalgebra of is a Hopf subalgebra. The next result is due to 
Masuoka [18, (2.1)]: 

Proposition 1.4. Suppose that B c H is a right coideal subalgebra. Then B is 
Frobenius if and only if H is left and right B-free. 

Proposition 1.5. Every commutative right coideal subalgebra B G H is Frobenius, 
and so H is a free B-module from either side. 

This is contained in Koppinen's paper [15, Cor. 2.5] where the result is attributed 

to the referee. 

Proposition 1.6. Suppose that B C H is a Frobenius right coideal subalgebra and 
B+ = {bGB\ eib) = 0}. Then: 

(i) C = {H/HB^y* is a Frobenius left coideal subalgebra of H*; 

(ii) B ^ {H*/C+H*)* where C+ = {£, € C \ C(l) = 0}; 

(iii) The category is equivalent to the category of C -modules. 

This is a version of Masuoka's result [18, (2.10)] where a similar relationship 
between the right coideal subalgebras in both H and H* is described. One connects 
the two formulations by taking the opposite multiplications in A and H and applying 
[18, (1.1), (1.2)]. 
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2. Characteristic polynomials and integrality over invariants 

Suppose that A is any commutative ring and U is an associative A-algebra such 
that U is projective of constant rank n as an A-module. In this case one can define 
the norm Nu/a{u) G A for every u€U [3, Ch. Ill, §9], [4, Ch. II, §5, Exercise 9]. In 
fact, if U has a basis ei, . . . , e„ over A, then jiCj = X]"=i '^ij^i with coefficients in A, 
and Nij/a{u) is the determinant of the square matrix with entries ay, 1 < «, j < n. 
In general one can pass to localizations Ug and As with respect to multiplicatively 
closed subsets {.s* | i > 0} where s G A. There exist a finite number of elements 
s\,...,Sm & A which generate the whole A as an ideal and such that J/g . is free 
of rank n over As^ for each i = 1, . . . ,m. If Ui denotes the image of u in J7g., then 
Nus-/A,. (ui) G As- is defined, and any two of these norms corresponding to a pair 
of indices i,j have the same image in As-sy Then this collection of elements in 
localizations can be glued to an element Nu/a{u) G A using the well known exact 
sequence 

O^A^llAs,^llAs,s,. 

i ij 

The characteristic polynomial of u is obtained by adjoining an indeterminate t as 

Pu/A{u,t) = Nu[t]/Alt]{t -u)& A[t]. 

In particular, {—l)"Njj^j^{u) is the coefficient of t° in Pij/j^{u,t). The well known 
properties of the characteristic polynomials and the norm are listed below: 

(PI) = (the substitution of u for t); 

(P2) Pv/a{vu, t) = Pu/a{u, t) when ip -.U ^ y is an isomorphism of ^-algebras; 

(P3) Pbi»aU/b{^ ^u,t) = j*Pu/a{u. t) where 7 : A — > J5 is a homomorphism of 
commutative rings and 7* : A[t] B[t] is its extension such that t 1-^ t; 

(P4) If C ?7 is an A-subalgebra such that V is projective as an A-module and 
U is free, say of rank r, as a left module, then Pu/A{u,t) = Pv/A{u,ty for every 
w G V; 

(P5) If a G A then Pu/A{a, t) ^ {t - a)"; 

(P6) If A is a field and dim^ [/ = n, then the equality Pu/A{u,t) = t" is a 
necessary and sufficient condition for u G J7 to be nilpotent; 

(P7) An clement u is invertible in U if and only if Nif/j^{u) is invertible in A. 

Suppose further that ^4 is a commiitative _ff-comodule algebra as was specified 
in section 1. Given a ring homomorphism a : A ^ E into a field E, define 

Aa = {E^l)-6a{A) CE(E>H (2.1) 

where da is the composite 

A^A^H^^E^H. (2.2) 

Lemma 2.1. Aa is a right coideal subalgebra of the Hopf algebra E ® H over E. If 
A.E denotes the map id (8)A : E^H^E'^H'^H, then 

(5a ® id) o 5 = Ab o (5„ . (2.3) 
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Proof. Since 5 is a ring homoniorphisni, so too is , whence is a subalgebra of 
E ® H. Formula (2.3) is seen from the commutative diagram 

A .A®H .E®H 

^5 |id{8)A |id®A 

A® H > A®H®H — > E® H ®H. 

It foUows from (2.3) that lS.E{Aa) C A^ ® H . Under the canonical identification 
{E ® H) ®E {E ® H) E ® H ® H , the comultiplication m E ® H \s precisely A^. 
Hence A^. is a right coideal. □ 

Remark. One can also view E i® H as ai\ _ff-comodule algebra with respect to 
Ab and Aa as its iJ-comodule subalgebra. Formula (2.3) says that 5a : A^ E®H 
is a homomorphism of if-comodule algebras. 

Lemma 2.2. Suppose that B G C is an extension of commutative rings such that B 
is Artinian and C is B -projective. If M is a C -module such that M is B -projective 
and M/nM is free of rank r over C/nC for every maximal ideal n of B where r 
does not depend on n, then M is free of rank r over C. 

Proof. Let J be the Jacobson radical of B. Then B / J = Y\B /n, the product over the 
finitely many maximal ideals of B. Furthermore, C/JC = ]\ C/nC and M/JM = 
Yl M/nM [4, Ch. II, §1, Prop. 6]. It follows from the hypotheses of the lemma that 
M/JM is a free C/JC- module of rank r. Let F be a free C- module of rank r. 
There exists then a homomorphism of C-modules (f : F ^ M which induces an 
isomorphism F/ JF = M/JM. Since J is a nilpotent ideal of i?, we conclude that (p 
is surjective [4, Ch. II, §3, Cor. 1 to Prop. 4]. Put A'' = ker(/9. By the _B-projectivity 
of M the exactness of sequence ^ N ^ F ^ M ^ is preserved when passing 
to reductions modulo J. Hence N/JN = 0, and = by Nakayama's Lemma. 
Thus ip is an isomorphism. □ 

The ring A ® H contains A 1 in its center. Hence we may view A ®) H as 
an A- algebra using the canonical homomorphism A A ® 1. Since H is finitely 
projective if-module, so too is A®H as an A-module. If is a projective if-module 
of rank n, the A-module A® H has rank n as well. In this case the characteristic 
polynomial PA^H/Aiu^t) e A\t] is defined for every u €: A® H. 

Proposition 2.3. Suppose that K is a field. If b E B where B is a commutative 

right coideal subalgebra of H , then Pg^j}/g{Ab,t) = Pj}/j^{b,t). 

The conclusion of this proposition means, in particular, that the first polynomial 
has all coefficients in K c B. 

Proof. We regard B®H asa B-algebra in accordance with the previous explanation. 
By Proposition 1.5 H is free over B with respect to the action by left multiplications. 
Let r = rks H. Put C = (B (g) 1) • A{B) C B® H. Since A : B ^ B (g, H is a 
ring homomorphism, C is a commutative B-subalgebra of B ® H. We will prove 
first that B I® H is a free C-module of rank r with respect to the action by left 
multiplications. 

Define $ : B®H hy ^{a<Sib) = {a<Sil)-Ab for a,bGB. Then $ is a ring 

homomorphism and Im 4> = C. Since B is commutative and _ff is a free _B-modulc 
of finite rank, i? is a module direct summand of H [4, Ch. II, §5, Excersize 4]. 
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Let ip : H ^ B he a. retraction, so that (./'(I) = 1 and ip{bh) — bip{h) for all b G B 
and h€ H. Define * : B (g) B ® S by *(a (g) /i) = ^(ft) aip{ah') ® h" . Then 

*(A6) = J2 b'ipiab") O 6"' = ^(^'' • (^&") b'" = J2 s{b')ilj{l) ^b" = l^b. 

(b) (b) (b) 

for b £ B. This shows that 5' o $ = id. In particular, $ is a ring isomorphism of 
B iSi B onto C. We have also B ^ H = C QkeT^i. Both $ and * are _B-linear with 
respect to the actions of B on the first tensorands. Then C is a _B-module direct 
summand of B g) H. Let n be a maximal ideal of B and E = B/n its residue field. 
The embedding of C into B ® H induces an injcctive homomorphism of i?-algebras 

C/nC ^{B® H)/n{B ®H)^E®H. 

The image of the latter coincides with Bp where f3 : B ^ E is the canonical projec- 
tion and Bp is defined as in (2.1). By Lemma 2.1 Bp is a right coideal subalgebra of 
E<S:H, and by Proposition 1.5 E®H is free over Bp. Now the reduction of $ modulo 
n gives an iJ- linear bijection E^B = C/nC = Bp. Hence dim^; Bp = diniK B, and 
so 

rksg E <Si H = dimEiE ® H)/ dim^ Bp = dim^ H/ AivnK B = r. 

We see that the hypotheses of Lemma 2.2 are fulfilled for M = B $5 H, yielding the 
desired freeness. 

Let 6 G B, and so A6 e C. Applying successively (P4), (P2), (P3) and (P4) 

again, we find 

PB^H/B{Ab,t) = Pc/B{M,tY = PB^B/Bm{^®b,ty = PB/Kihtf = PH/K{b,t). 

□ 

Lemma 2.4. Suppose that a : A ^ E is a ring homomorphism into a field E. If 
b = da {a) where a G A, then 

Pa^®H/A„ {^Eb, t) = PE®H/E{b, t). (2.4) 

Proof. Apply Proposition 2.3 to the Hopf algebra E ® H over the field E and its 
right coideal subalgebra B = Ac (see Lemma 2.1). □ 

When H is if-projective of constant rank, we say that A has invariant char- 
acteristic polynomials if PA^H/A{Sa,t) has all coefficients in A^ for every a & A. 
When the rank of H is not constant, we say that A has invariant characteristic 
polynomials if so do the iJj-comodule algebras Ai in the cartesian product decom- 
position of Lemma 1.2. In case of a commutative H the invariance of characteristic 
polynomials for any A was proved in [7, Ch. Ill, §12] and [22, Ch. Ill, §2]. If H is not 
commutative, additional assumptions are needed. The largest iJ-costable nil ideal 
of A will be called the H -radical of A. We say that A is H -reduced if its i?-radical 
is equal to (0). 

Theorem 2.5. If A is H -reduced or, more generally, if there exists a homomorphism 

of commutative H-comodule algebras ip : A' ^ A such that A' is H-reduced and 
A = (p{A')A^ then A has invariant characteristic polynomials. 
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Proof. Consider first the case where A is iJ-rcichiccid. The _ff,-comod\ile algebras A, 
in Lemma 1.2 are then ffj-reduced too. So we may assume without loss of generality 
that H is /C-projective of constant rank. 

Suppose that a : A E is a ring homomorphism into a field E. Define Sa as in 
(2.2), and let = t o a where l : E ^ E ® H \s given by c h-> c (g) 1. Both 5a and 
\a take values in Aa ■ We first prove that 

^aPA(^H/A{5a,t) = \aPA®H/A{5a,t) VO. Aa[t\. (2.5) 

If 7 : j4 — > Aa is any ring homomorphism then 

l^PA<g,H/A{^a, t) = PAa,0H/A^ ((7 ® id)5a, t). 

by (P3) since Aa ®a [A® H) = Aa® H and the element l®u, where u ^ A® H , 
corresponds under this isomorphism to (7(8)id)u G Aa®H. In case ^ = 6a, denoting 
h = 5a{a) and using (2.3), (2.4), we obtain 

6aPA^H/A{6a,t) = PAc^H/Aa{^Eb,t) = PE0H/E{b,t). 

In case 7 = we have (7 id) o 5 = [l® id) o whence (7 ® id)da = {l® id)6. 
An application of (P3) for the ring homomorphism l : E ^ Aa yields 

>^aPA«,H/A{Sa,t) = PA^0H/A^{{l'®id)b,t) = PE0H/E{b,t). 

Thus (2.5) is proved. Let PA0H/A{6<i,t) = X]"=o with co,...,c„ e A. If 
p = ker a then the sequence 

— >p(g)H — >A(E)H "'^'"^ > E(g)H 

is exact by X-projectivity of H. Formula (2.5) means that Sa{ci) — Aa(ci), whence 
Sci — Ci (g) 1 E ker (a ® id) = p (S) H for each i. This can be rewritten in terms of 
the _ff*-module structure on A as — ^(l)ci G p for all ^ £ H*, or {H*)^Ci C p. 
These inclusions hold for every p € Spec A since any prime ideal p is the kernel of 
a homomorphism into a field. Put J = AV where V = Y^^^Q{H*)^Ci. By the above 
J is contained in the nil radical of A. Since (i7*)+ is an ideal of H*, it is clear that 
V is an i7*-submodulc of A, whence so too is J. In other words. J is an i/-costablc 
nil ideal of A. It follows that J = by the assumption on A. Thus {H*)^Ci ~ 0, 
and so Ci G A^ . 

If / is an _ff-costablc ideal of A and n : A ^ A — A/I is the canonical projection 
then 6 on = (n (g) id) o 6 , and so P-x^h/a^^^'^' ^) ~ ''^^PA^H/Ai^a, t) for every a E A 
by (P3). This polynomial has all coeflacients in ^{A") C {A/I)" . Thus A/I has 
invariant characteristic polynomials. 

Consider now the general case of Theorem 2.5. Suppose that if is given. If ip is 
surjective, then we are done by the previous step. Otherwise consider the polynomial 
algebra A" = A'[X] where X is any set of indetcrminates. Extend 5 : A' ^ A' ® H 
to a ring homomorphism A" A" ® H setting 5{x) = x ®1 for all x E X. This 
makes A" into an ff-comodule commutative algebra. Denote by R the if-radical of 
A" . Each / G R is nilpotcnt, whence all coefficients of / are nilpotcnt [3, Ch. IV, §1, 
Prop. 9]. For every monomial y in x's denote by Ry C A' the subset consisting of all 



8 



elements occurring as a coefficient of y in sonic / G R. Clearly Ry is a nil ideal of A' . 
Since R is ff-costable, so too is Ry. It follows that Ry = since A' is if-reduced. As 
this holds for every monomial y, we conclude that R = 0. Thus A" is il-reduced. 
We can extend tp to a liomomorphism of i/-comodulc algebras ip : A" A sending 
each a; e X to an arbitrary element of A^ . Taking the set X big enough, we can 
thus obtain a surjective homomorphism tp. As have been pointed out already, this 
suffices to complete the proof. □ 

Proposition 2.6. Suppose that A has invariant characteristic polynomials and m 
is a positive integer such that rk^ H divides m for every q G Specif. If a € (A/I)^ 
where I is an H-costable ideal of A then (™)o-' belongs to the image of the canonical 
map A^ (A/I)^ for every j = 0, . . . ,m. 

Proof Lemma 1.2 gives decompositions A" ^ H^f* and {A/ 1)" ^ Hi^i/Ii)"' 
where each /j is an ifj-costable ideal of Ai. The assumption on m means that 
m is divisible by the ranks of the projective i^i-modules Hi for all i occurring 
here. So it suffices to prove the assertion of the proposition for the canonical maps 
A^^ — » (Ai/Ii)^^ . We may assume therefore that H has constant rank n and m = dn 
for some integer d > 0. 

Let n : A ^ A = A/I denote the canonical projection, and let a e ^ be any 
representative of a. By (P3) and (P5) 

^*PA0H/A{Sa, t) = P-j^H/Ai^a, t) = Pa^h/a{^ ® 1, i) = (t - a)". 

Thus (") (-a)' = 7r(c„_i) for Z = 0, . . . , n where Ya=o cit^ = PA«,H/A{Sa, t). By the 
hypothesis cq, . . . , c„ € A^ . Now 

E (7)a^i'"-^' = + a)- = {t + af^ = ( E (7) ) , 

3=0 1=0 

and therefore the elements with j = 0, . . . , m belong to the subalgebra of 

A/ 1 generated by the images of cq, . . . , c„. □ 

Remark. In particular, a™ is in the image of A^ (A/I)^ for every a G (A/I)^ . 

This can be regarded as a geometric reductivity of finite Hopf algebras. Classically, 
the geometric reductivity is a property of a reductive algebraic group G over a field of 
characteristic p> which serves as a substitute for linear reductivity [21], [12]. One 
of its formulations is as follows: if G operates rationally on a commutative algebra 
A as a group of automorphisms and / is a G-stable ideal of A, then for every G- 
invariant a G (A/I)'^ there exists an integer m > such that a™ has a representative 
in A^. The geometric reductivity of finite group schemes is a byproduct of the norm 
[29]. 

Proposition 2.7. A is integral over A^ in any of the following two cases: 

(a) A has invariant characteristic polynomials, 

(b) the H -radical R of A is Z-torsion. 

Proof, (a) It suffices to show that each Ai in Lemma 1.2 is integral over Af' by 

[4, Ch. V, §1, Prop. 3]. So we may assume without loss of generality that H is 
JsT-projective of constant rank n. Given a & A, let PA®H/A{^<ijt) = Y^^i-QCit\ By 



9 



the hypothesis co, . . . , c„ e . Property (PI) ensures that X]"=o('^« ® l)((5a)'' = 
in ^4 ig) iJ. Applying the ring homomorphism id ®s : A^ H A to both sides of 
this equality, we get X]r=o ~ ^ since (id(8)e) o J = id. Here c„ = 1, and so a is 
integral over A^ . 

(b) The if-comodule algebra A/R is -ff-reduced, and so A/R has invariant char- 
acteristic polynomials by Theorem 2.5. Thus A/R is integral over [A/R)^ by case 
(a). Let B C A denote the preimagc of (A/R)^ with respect to the canonical map 
A A/R. Clearly B is a subalgebra of A containing A^ and A is integral over B. 
It remains to prove that B is integral over A^ [4, Ch. V, §1, Prop. 6]. Let b € B. 
In view of the exact sequence 

R^H^A^H^ {A/R) ^0 

the element 5b — b^l€A<SiH which goes to in {A/ R)®H belongs to the image 
oi R(^H. Thus Sb — b(E)l + x where a; = xi (g) /ii + . . . + (3 hj with xi , . . . ,xi E R 
and hi,. . . ,hi € H. Since -R is a nil ideal, the ideal of A generated by finitely many 
Xi,. . . ,xi is nilpotent. There exists therefore an integer n > such that x" = 0. By 
the hypothesis there exists an integer e > such that exj = for all j, hence also 
ex = 0. Take an integer m > such that e divides all binomial coefficients (™) for 
i = 1, . . . ,n (for instance, m = e ■ n\ will do). Noting that 6 (8) 1 is central in the 
algebra A(^ H,wc obtain (5(6") = (Sb)"" = X;"o (T)(^""' = 6™ <8) 1. This 

shows that 6™ G A^ . Hence b is integral over the subring A^ . □ 

Remark. If A is an algebra over a field of characteristic p> then condition (b) 
is fulfilled since pA = 0. 

3. The orbital subalgebras and the quotient map 

For each p G Spec A denote by k{p) the residue field of the local ring Ap. The 
same notation will be used for commutative rings other than A. Let ap : A —> k{p) 
be the canonical ring homomorphism. Denote by 0(p) the commutative right coideal 
subalgebra Aa^ of the Hopf algebra k{p)(S)H over k{p) defined in (2.1). We call 0{p) 
the orbital subalgebra associated with p. In geometric terms Spec 0(p) is isomorphic 
with a closed subscheme of SpecA:(p) Xgp^cK Spec A; when H is commutative and 
G — SpecH, this subscheme is called the G-orbit of p. Let i5p = as in (2.2). 
Thus Sp is a ring homomorphism A — > k{p) (g) H and 0(p) = (fc(p) <8) 1) • Sp{A). 

Lemma 3.1. The kernel of 6p is the largest H-costable ideal of A contained in p. 

Proof. In view of Lemma 2.1 i5p is a homomorphism of i/-comodule algebras. Hence 
kerJp is an il-costable ideal of A. The composite of two arrows at the top of 
commutative diagram 

k{p) O H 

|id®e (3.1) 

fc(p) 

equals ^p, whence (id(g)e) o ^p = ap. This yields ker^p c kerap = p. If 7 is any 
il-costable ideal of A and / C p, then ^p(/) c (ap (g) id)(/ ^H) = 0. □ 

Lemma 3.2. Let j : A ^ B be a hom,omorphism of commutative H-comodule 
algebras, and let p = 7~^(q) where q G SpeciJ. Then: 
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(i) (7 (8) id) o (5p = (5q o 7 where 7 : k{p) — > A;(q) is induced by 7. 

(ii) fc(q) ®fe(p) 0(p) is canonically embedded into 0(q) as a k{q)-subalgebra. 

(iii) IfB^ j{A)B" then 0{q) - fc(q) ®fe(p) 0(p). 

(iv) // 701, . . . , jUd generate B as a B^ -module for some ai, . . . , G A, then 
SpUi, . . . , Spaa span 0{p) over k{p). 

Proof. Part (i) is seen from the commutative diagram below in which the composite 
of maps at the top equals dp and that at the bottom equals ^q: 

A > AiSiH > k{p) O H 

J_7 J_7®id J_7(giid 

B^^B®H , fc(q)0g. 

(ii) The inclusion of 0(p) in fc(p) (g) H induces an embedding of fc(q)-algebras 

if : fc(q) ®k(p) 0{p) ^ A:(q) ^^(p) {k{p) ® H) ^ k{q) ® H. 

If a e A, then (p{l ® Spa) = (7 ® id)((5pa) = 6q{'^a). This shows that im ip C 0{q). 

(iii) By the computation in (ii) i5q(7a) € irmp for all a G A. li b & B^ then 
(5q6 = aq(6) ® 1 G im(^ as well. Hence Sq{B) C imi^ provided that B = j{A)B^. 
By the definition 0(q) = (fc(q) <S> 1) • (5q(-B) C im(^. 

(iv) The hypothesis of (iii) is fulfilled, so that ip is an isomorphism. Repeating 
the arguments in (iii), we obtain, more precisely, that 0(q) is spanned over k{q) by 
<5q(7ai), . . . , Sq{jad) which are the images of 1 ^ SpUi, ...,10 Spttd under (p. Thus 
0(q) = 'fi[k{q) ®fe(p) V) where V C 0{p) is the fc(p)-linear span of SpUi, . . . ,5pa<i, 
and so y = 0(p). □ 

Remark. If i? = -f[A)B^ and 7 is an isomorphism k{p) = fc(q), then 0(p) = 
0(q). This is the case when B is either A/ 1 with / an ff-costable ideal of A or 
B — S~^A with S a multiplicativcly closed subset of A^ and 7 is the canonical 
homomorphism in both cases. The same is true when 7 is a composite of homomor- 
phisms of these two types. 

The embedding A^ A induces a map tt : Spec A Spec A^ defined by the 
rule p 1-^ p n A^ for each prime ideal p of A. In the case when H is commutative, 
SpccA^ coincides with the quotient Spec A/ Specif considered in [7], [22]. The 
known results describing the properties of tt can be extended to noncommutative 
Hopf algebras H. 

In the rest of this section we assume that A has invariant characteristic poly- 
nomials. Note that the integrality of A over A^ (Proposition 2.7) implies that tt is 
surjective and closed, that is, tt maps closed subsets of Spec A onto closed subsets 
of Spec [4, Ch. V, §2, Th. 1, Remark 2]. A less obvious property is the openness 
of TT (the open subsets of Spec^ are mapped onto open subsets of Spec A^). 

Theorem 3.3. iei p e Spec A. Then: 

(i) There are only finitely many p' G Spec A such that p' n A^ = p n A^ . These 
are precisely the ideals p' = (5p"^(m) for some maximal ideal m o/0(p). 

(ii) The map w : Spec A Spec A^ is open. 
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(iii) Ifq' e Spec saMsfies q' c pflA^ then q' = p'nA" for some p' G Spec A 
such that p' C p {Going-down property). 

Proof. In view of Lemma 1.2 the proof is reduced to the case where H is ii'-projective 
of constant rank n. 

(i) Put q = p n A^. Suppose that p' = ^^^^(iTi) where m is a maximal ideal of 

0(p). Then p' is a prime ideal of A. Given a £ A^ , wc have Sp{a) = ap{a) ® 1. Since 
fc(p) ® 1 is a subfield in 0(p), it has zero intersection with m. Hence dp (a) G m if and 
only if ap{a) = 0, that is, a e p' if and only if o € p. This shows that p' n A^ = q. 

Suppose now that p' is any prime ideal of A such that p'nA^ = q. Let rrii, . . . , m,, 
be all maximal ideals of the finite dimensional algebra 0(p), and put pj = Sp^{mj ). 
Suppose that p' ^ pj for every j. Then p' ^ pi U . . . U pg by [4, Ch. II, §1, Prop. 1]. 
Take any a E p' outside of every pj and consider PA^H/A{^o.,t) = X]r=o 
By the assumption q G A^ for all i. Note that c„ = {—'i-)"Nji_0H/A{Sa). As 
J27=o^i'^"~^ = (case (a) of Proposition 2.7), we have c„ G aA c p'. Hence 
Cn 6 q, and ap{cn) = 0. On the other hand a'p(c„) = (-l)"iVfe(p)53if/fe(p) ((^pO,) by 
(P3). By the choice of a the element Spa belongs to none of mi, . . . , tUg and therefore 
is invertible in 0(p). Then dpO is invertible also in k{p) H, and (P7) shows that 
ctp{cn) is invertible in fc(p), yielding a contradiction. Thus p' C pj for at least one 
j. Now pj n A^ = q by the previous step in the proof, and the integrality of A over 
A^ implies that p' = pj [4, Ch. V, §2, Cor. 1 to Lemma 2]. 

(ii) For a E A put Da = {p G Spec A | a ^ p}. The subsets Da form a base of 
topology on Spec^. So it suffices to prove that 7r(£>o) is an open subset of Spec 

for each a. Let PA^H/A{SO',t) = J2l^=o ^1^""% so that q G A^ for all i. Denote by 
the ideal of A^ generated by ci, . . . , c„. We will show that 

TT{Da) = UESpecA" \Ia^q}. (3.2) 

Suppose that p G Spec A. If ci, . . . , c„ G p then a" = — J27=i Cia"~'^ G p, whence 
o G p. Therefore a ^ p implies la <tp^ A^ . 

Suppose that q G Spec^^. Let p G Spec^ be any prime ideal lying above 
q. Denote by rrii, . . . ,ms all maximal ideals of 0(p), and put pj — 5p^{xn.j). By (i) 
pj n^-^ = q for each j. Suppose that a G pj for all j. Then 5pa E rrij for all j, whence 
5pa is a nilpotent element of 0{p). Property (P6) yields Pk{y)<^H/k(v){5fo) = On 
the other hand Pfe(p)®_f//fe(p) (<5pa, t) = apP40jy/^(5a, t) by (P3), and it follows that 
Oipici) = 0, that is, c, G p for each i = 1, . . . , n. Thus la q implies that a ^ pj for 
at least one j. This proves (3.2), and the openness of ^{Da) is clear. 

Part (iii) is an easy consequence of (i) and (ii). Denote by pi, . . . ,pr G Spec A 
all prime ideals lying above q'. For each j = l,...,r consider the open subset 
Uj C Spec A consisting of those prime ideals of A which do not contain pj. The 
intersection U = Ui D ■ ■ ■ DUr is also open in Spec^. Now tt{U) is open in Spec^''^ 
by (ii), and q' ^ 7r(J7) by the choice of pi, . . . ,pr. Put q = p n A^ . Since q' C q, we 
get q ^ tt{U) as well. Hence p ^ f7. It follows that pj C p for at least one j, and we 
may take p' = pj . □ 

For p G Spec^ denote by dimO(p) the dimension of 0(p) as a vector space over 
k{p). We say that p is H -regular if dimO(p') = dimO(p) for all p' in a suitable 
neighbourhood of p in Spec A. 
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Lemma 3.4. Suppose that SpUi, . . . ,6pad are a basis for 0{p) over k{p) where 
Oi, . . . , ad G A. Then: 

(i) If p'n A" = pnA^ forp' G Speol then SpiUi, .. .,Spiad are a basis for 0{p') 
over k{p'). 

(ii) There exists a neighbourhood U of p in Spec A such that 5p'ai, . . . ,Spiad are 
linearly independent over k{p') for each p' G U . 

(iii) Ifp is H -regular, then there exists s G \ p such that 6p'ai, . . . , Sp'Od are 
a basis for O(p') over k{p') whenever p' e Specj4 and s ^ p'. 

Proof (i) By Theorem 3.3 p' = 6-\m) for some maximal ideal m of 0{p). We 
apply Lemma 3.2 taking B = 0{p), j = Sp, q = m, and p' in place of p. Note that 
fc(p)(g)l C . Hence the hypothesis in (iv) of Lemma 3.2 is fulfilled, and wo deduce 
that SpiOi, . . . ,6p>ad span O(p') over k{p'). It follows that dimO(p') < dimO(p). 
By symmetry between p and p' there is also the opposite inequality, which gives 
dimCl(p') = d. 

(ii) There exist fc(p)-Unear functions : k{p) (g) iJ — * k{p) such that 
^iiSpUj) is 1 when i = j and otherwise. Since H isa finitely projective K-module, 
we have 

Homfe(p) (fc(p) H, fc(p)) ^ HomK(i?, k{p)) = fc(p) ® H* . 

We can find therefore rji,. . . ,rici S H* such that the d x d matrix with entries 
{idiSir]i){6paj) G k{p) is invertible. Denote by M and M(p'), where p' € Spec^, 
the d X d matrices with entries (id (E)rii)(Saj) G A and {id®rii){Sp'aj) G fc(p'), 
respectively. Thus M(p') is obtained by applying ap' to all entries of M. Put 
u = detM G ^. Then ap>{u) = detM(p'), and so M(p') is invertible if and only if 
u ^ p'. In particular, u ^ p. If w ^ p' then SpiOi, . . . , SpiOii arc linearly independent 
over A;(p'). The set Du = {p' G Spec A \ u ^ p'} is the required open neighbourhood 
of p in Spec A. 

(iii) Let U be as in (ii). Taking a smaller neighbourhood, if necessary, we may 
assume that dimO(p') = dimO(p) for all p' G U. Then Sp'Oi, . . . ,Sp'ad are a basis 
for O(p') over fc(p') whenever p' G U. By Theorem 3.3 Tr{U) is a neighbourhood of 
q = p n A" in Spec A^. There exists s G A" such that q G C 7r(t/) where Dg 
is the subset of prime ideals of A^ not containing s. If p' G Spec A and s ^ p' then 
p' n A" = p" n A" for some p" G U. Applying (i) with p" in place of p, we get the 
desired conclusion. □ 

Proposition 3.5. (i) The function p t-^ dimO(p) is lower semicontinuous, that is, 
for each integer m the subset {p G Spec A | dimO(p) > m} is open in Spec A. 

(ii) The subset of all H -regular prime ideals is dense and open in Spec A. 

(iii) Ifp'nA" =pnA" for p,p' G Spec A then dimO(p') = dimO(p). For p' 
to be H -regular, it is necessary and sufficient that so be p. 

Proof, (i) Clear from Lemma 3.4(ii). 

(ii) The openness property is clear from the definition. Suppose that U C Spec^ 
is any nonempty open subset. Put m = maxpgt/ dimO(p). This maximum makes 
sense since dimO(p) < n for every p where n is the number of generators for fl" as a 
ii'-modulc. The subset V = {p £ Spec A | dimO(p) > m} is open by (i). Now U nV 
is nonempty and consists of ff -regular primes. This verifies the density property. 
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(iii) The equality of dimensions is proved in Lemma 3.4(i). If p is _ff-regular and 
s is as in Lemma 3.4(iii), then U = {p" S Spec A | s ^ p"} is a neighbourhood of p' 
in Spec^ such that the algebras 0{p") have the same dimension for all p" € U. In 
this case p' is if-regular. □ 

Lemma 3.6. Suppose that is local with a maximal ideal q. If there exists an 
H -regular p e Spec A lying above q then all prime ideals of A are H -regular. 

Proof. If p' is any maximal ideal of A then p' n A^ — q since A is integral over A^ . 
Then all maximal ideals of A are ff -regular by Proposition 3.5 (iii), and so are all 
prime ideals by (ii). □ 



4. Projectivity over the subring of invariants 

We say that A is H-simple if A has no nonzero proper _ff-costable ideals. 

Lemma 4.1. Suppose that A is H-simple. Then A^ is a field and A is finite 
dimensional over A^ . Ifp e Spec A and ai,. . . ,ad ^ A are such that Spai, . . . , dpOd 
form a basis for 0{p) over k{p) then ai, . . . , are a basis for A over A^ . 

Proof. The hypothesis means that A is a simple object of M.^. Every A- module 
endomorphism of A is obtained by the rule a. hh. ca for some c G ^. In order that 
this map A A commiitc with the coaction of H , it is necessary and sufficient 
that c G A^ . In other words A^ is identified with the endomorphism ring of A 
as an object of A4^. By Schur's lemma A^ is a field. Given p, the field A^ is 
embedded in A;(p). We may regard A' — k(p) (S'ja" ^ a-s an object of M.^ using the 
operations on the second tensorand. Thus fc(p) ®1 d A'^ . Taking any basis of k{p) 
over A^ , we present A' as a direct sum of copies of A. Hence A' is a scmisimple 
object of Ai^, and every its subobject is a sum of simple subobjects isomorphic to 
A. Now any morphism A ^ A' in is of the form a c (8) a for some c G k{p). 
So it follows that every subobject of A' is of the form V A where V C k{p) 
is an A-^-subspace. Denote hy (p : A' ^ fc(p) (x) H the fc(p)-linear map extending 
6p : A fc(p) ® H. Then ip is a homomorphism of iJ-comodule algebras, and so 
/ = kerip is an i/-costablc ideal of A'. Hence / is a subobject of A' in A4^. We 
deduce that I = V '^^h A for some V as above. On the other hand, (f is injective 
on fc(p) (g) 1. Since V 1 C /, we get V = 0. Thus (p is injective. The image of 
coincides with 0(p) by the definition. If dpai, . . . ,6pad form a basis for 0(p) over 
A;(p) then 1 oi, . . . , 1 ig) form a basis for A' over A;(p), and the final assertion is 
clear. □ 

Lemma 4.2. Suppose that A has a maximal ideal p which contains no nonzero 
H-costable ideals of A. Then A is H-simple. 

Proof. The _ff-radical of A is contained in every prime ideal of A. The hypothesis of 
the lemma implies therefore that A is i?-reduced. By Theorem 2.5 A is integral over 
A^ . Next, the ideal of A generated by p fl A^ is il-costable and is contained in p. 
Hence p n A^ = 0. The maximality of p ensures that (0) is a maximal ideal of A^ 
[4, Ch. V, §2, Prop. 1]. In other words A^ is a field. Suppose that / is any proper 
if-costable ideals of A. Then 7 c p' for some maximal ideal p' of A. By Lemma 3.1 
'^p'(-^) = 0. As p' n A^ = 0, Theorem 3.3 shows that p = S'^,^{m) for some maximal 
ideal m of O(p'). But then / C p, and so / = by the hypothesis. □ 
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Denote by M' the full subcategory of consisting of right {H, A)-Hopf mod- 
ules M such that M = A. The next result generalizes [26, Th. 2.1, Prop. 3.2] 
where K was supposed to be an algebraically closed field, A a finitely generated 
integral domain and H a commutative Hopf algebra. 

Theorem 4.3. Suppose that A is H -reduced and the function p i— > dimO(p) is 
locally constant on the whole Spec A. Then: 

(i) A is a finitely generated projective A^ -module whose rank at q& Specj4^ is 
equal to dimO(p) where p is any prime ideal of A lying above q. 

(ii) The functor M ^ is an equivalence between M! and the category of 
A^ -modules. The inverse functor is N i-^ N (S)ah ^• 

(iii) The assignment 7 i— > 7 n A^ establishes a bisection between the H-costable 
ideals of A and the ideals of A^ . The inverse correspondence is J ^ J A. 

Proof. For every s G A^ the localization As is an 77-reduced 77-comodule algebra. 
Given M G M^, one has Mg G by Lemma 1.1. If, moreover, M = M^A then 

Ms = MfA. To prove (i) it sufiices,V [4, Ch. II, §5, Th. 1], to show that for every 
q G SpecA^ there exists s G A^ such that s ^ q and Ag is a free A^-module of 
rank d = dimO(p) (by Proposition 3.5 d does not depend on a choice of p above 
q). In (ii) one first notes that the two functors are well defined; the 7f-comodule 
structure on A'' 0^^? A is given by means of the map 

id 5 : AT A^ N (g)^« {A®H)^ {N A) 77. 

For every M G Ai' and every A^-module N define 

*M : M" A^ M, :N ^{N A)^ . 

by w ® a 1-^ wa and w ?; 1, respectively. Then ^'m is a morphism in A4' and 
$jv is a homomorphism of A^-modules. The map \1/m is bijective if and only if for 
every q G Spec A^ there exists s G A^ such that s ^ q and 'S>a As is bijective 
(cf. [4, Ch. II, §3, Th. 1]). Note that ^'m '^a Ag can be identified with the map 
®A" — * Ms such that v i^i a t-^ va. The bijectivity of $Ar can be verified 
similarly. Thus, in proving (i) and (ii), we may pass to suitable localizations As. 

By the hypothesis all prime ideals of A are f7-regular. Taking s as in Lemma 
3.4(iii) with respect to any chosen prime ideal of A and replacing A with As, we 
reduce the proof to the case in which there exist ai, . . . , G ^4 such that for every 
p G Spec A the elements Spai, . . . ,6pad form a basis for 0(p) over k{p). We fix 

dl, . . . , Ocj. 

Let us regard ^ (g) 77 as an ^-module via left multiplications on the first tenso- 
rand. This module is finitely projective since so is the 7C-module H. Consider its 
submodule E C A^H generated by 6ai, . . . ,60^. If p G Spec A then the >lp-module 
j4p 77 obtained by localizing A (g) 77 at p is free of finite rank. Furthermore, Ep 
may be identified with an j4p-submodule of Ap (x) H generated by d elements whose 
images in k{p) H are linearly independent over k{p). Then Ep is an Ap-module 
direct summand of Ap 77 [4, Ch. II, §3, Cor. 1 to Prop. 5]. In particular, Ep is 
a free Ap-module of finite rank. If (f : A'^ E is the A-module homomorphism 
sending the standard generators of the rank d free A- module A'^ to Sai , . . . , Saa 
then the localizations of (p at prime ideals of A are all isomorphisms. Hence f is 
itself an isomorphism, i.e., E is a free A- module with 5ai, . . . , Sa^ as its basis. By 
[4, Ch. II, §3, Cor. 1 to Prop. 12] E is an A-module direct summand of A 77. 
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Claim 1. Let I{p) be the largest H-costable ideal of A contained in a prime ideal 

p. Then S{A) C E + I{p) (g) H . 

Put / = /(p) and q = p fl^l-^. The prime ideal pAq of A^ lies above the maximal 
ideal qA^ of A^ . By Theorem 2.5 Aq is integral over A^ , whence pAq is a maximal 
ideal of A^ . Next, lAc^ is the largest iJ-costablc ideal of Aq contained in pAq . Lemma 
4.2 shows that the i/-comodule algebra A' = A^/IA^ is i?-simple. If p' = pA^/IAq, 
then there is an isomorphism 0{p) — > O(p') (see Lemma 3.2) such that JpOj i— > 5pia\ 
where a' denotes the image of in A' for each z = 1, . . . , d. Hence (5p'a'j^, . . . , (5p'a^ 
form a basis for O(p') over A:(p'). Applying Lemma 4.1, we deduce that A' is spanned 
over A'" by a'l, . . . , a^. As 5{A'^) c A' (g) 1, it follows that 5{A') is contained in the 
A'-submodulc E' C A' ®H generated by 5a'i, . . . , Sa'^. Clearly E' coincides with the 
image of the localization E^ under canonical map Aq ^ H ^ A' H . The kernel of 
the latter map is lA^ (g) H. Hence 

6{Aq) cEq+IAq^H. (4.1) 

Pnt J = {b & A \ ub £ I for some u G A^ \ q}. For every projective ^-module P 

we have 

JP = {x € P \ ux G IP for some u e \ q} (4.2) 

(this is clear for free A-modules, hence also for their direct summands). If 6 G J and 

ub € I ioT u e A" \ q then {u (g) l)S{b) = d{ub) e I ® H. Equality (4.2) appHed to 
P = A®H yields 5{b) & J ®H. Thus J is an if-costable ideal of A. On the other 
hand J dp since / C p and p is prime. It follows that J C / by the maximality of 
/. In fact J = I since the opposite inclusion is obvious. Let a € A. By (4.1) there 
exists ueA"\q such that {u (g l)S{a) £ E + I^H. Taking P = (A (g) H)/E, we 
deduce from (4.2) that S{a) & E + J®H = E + Ii^H. Claim 1 is proved. 

Claim 2. Put B = {A® I) •(5(^) G A®H. Then B is an A-module direct summand 
of A® H and is a free A-m,od,ule with 5ai, . . . , Sud as its basis. 

Put J = npeSpecAAP)-Then 

JP= n Hp)P (4.3) 

peSpec A 

for every projective tI- module P (the verification reduces again to free ^-modules). 
Taking P = A® H, we see that 6{J) C flpeSpecA -^(P) ® H = J ® H. Thus J is 
an i?-costable ideal of A. Since J C p for every p G Spec A, all elements of J are 
nilpotent. Hence J = by the assumption on A. Using Claim 1 and (4.3) with 

P = {A®H)/E, we get 

(5(A) C n {E + I{<p)®H)^E + J®H = E. 

peSpoc A 

Hence B C E as well. Then B = E since the opposite inclusion is obvious. This 
completes the proof of Claim 2. 

For each A-module M consider M (g) as an A (g) iJ-module by means of the 
operation {v (g) g){a ®) h) = va gh where v G M, a € A and g,h G H. Put 
Em = {M (g 1) • 5{A) c M ig) H, which is a S-submodule. Clearly Em coincides 
with the image of the map 

M 0^ B ^ M (g)A (A (g) if) = M (g) 

induced by the inclusion of B into A® H. Since B is an A-module direct summand 
of A (g) if, the map above is injective, and so Em — M ®a B. 
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Claim 3. Each elem,ent of Em can be written as '^i^i{vi <Si 1) • 6{ai) with uniquely 

determined vi, . . . ,Vd G M . 

This is immediate from the freeness of B over A. 

Claim 4. If M £ M' then each element of M can he written as J2i^i ViUi with 
uniquely determined vi, . . . ,Vd G . 

If vi, . . . ,Vd e and X^t^iOi = then l)6(ai) = SC^i^iO-i) = in 
Em, whence vi = . . . = Vd = hy Claim 3. This verifies the uniqueness. Next, we 
have S{M) = S{M"A) = {M" (g) 1)S{A) C Em- Given u& M, there exist therefore 
vi, . . . ,Vd G M such that 

<5u = EK«'l)-%i)- (4-4) 

Applying id ®e to both sides of this equality, we get u = ^ ViOi since (idx (E)e) oS = 
idx for both X = M and X = A. Applying S (g) idn and idM <8)A to both sides of 
(4.4), and taking into account the identity id) o 5 = (id (8) A) o S, we get 

J2 {Svi <8) 1) • ((5 ® id)(5a^ = Yl. {v, CS, I ® 1) ■ {S ® id)6a, (4.5) 

in M ® H ® H . Here we consider M ® H ® H as a, right A® H ® iJ-module in a 
natural way. Let W denote the A-module M ®H on which A operates via the ring 
homomorphism 5 : A —f A® H. Then A® H operates onW®H = M®H®H 
via the ring homomorphism 5 ® id//, and (4.5) can be rewritten as an equality 
'Y{wi®l)-6{ai) = in Ew where wi — 5vi — Vi®l € W. Claim 3 yields 5vi — Vi®!, 
that is, Vi € for all i. Thus u has the required form, and Claim 4 is proved. 

Note that A can be regarded as an object of M.^- Moreover, A e M.' since 
1 e A^ . We see, in particular, that each element a & A can be uniquely written as 
^ CiOi with ci, . . . , Cd G A^ . In other words, A is a free A^-module with ai, . . . , 
as its basis. 

Now M" O^ff A = M" e . . . ® M" {d copies), and the restriction of *m to the 
ith summand is given by the map v voi. Claim 4 shows that 'i'M is bijective. 
Suppose that N is any ^-^-module and M = N (g)^ff A. The composite 

N®^^ A ^"^'^ . M« 0^^ A M 

is then the identity transformation of M. Since is bijective, so too is $Ar (8) id. 
Since A is a free A-^-module, $jv is bijective as well. The proof of (i) and (ii) is now 
complete. 

If / is an iJ-costable ideal of A, then A/ 1 S A4'. As the canonical map A ^ A/I 
is an epimorphism in A4\ the corresponding map A^ (A/I)^ is an cpimorphism 
of A^-modules by (ii). Thus (A/I)-^ = A-^ /I-^ . In the commutative diagram 

— > I" igiAH A — > A" ^ — > A" /I" A — > 

> I > A > A/I > 

the rows are exact by freeness of A over A^ and the vertical arrows are bijective 
by (ii). Hence ^ a induces a bijection I^ (g)^/? A = I, which shows that I = I^A. 
Thus / is an A^'-subobject of A. By (ii) the Al'-subobjects of A are in a bijective 
correspondence with the ideals of A^ , and (iii) follows. □ 
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Corollary 4.4. // A is H -reduced and p G Spec A is H -regular then there is an 
isomorphism of k{p)-algebras 0{p) = k{p) (X'fc(q) Aq/qAq where q = p n A^ . 

Proof. In view of Lemma 3.2 we may replace A with A^ and p with pAq. So we 
may assume that A^ is local and q is its maximal ideal. Then all prime ideals of A 
are _ff-rcgular by Lemma 3.6, so that the hypotheses of Theorem 4.3 arc fulfilled. It 
follows that ^ is a free A^-module of rank d = dimO(p). Then dimfc(q) = d. 

By Lemma 3.1 q C ker 5p . Therefore 5p extends to a homomorphism of fc(p)-algebras 
if : k{p) ®fe(q) A/qA 0{p) which is clearly surjective. Comparing the dimensions, 
we deduce that ip is bijective. □ 

Consider the map 7 : A (Si A ^ A ^ H such that a (8> 6 (a €5 1) • S{b). One 
says that A is an H-Galois extension of A^ if 7 is surjective [6], [16]. In this case 
7 induces a bijection A A = A® H. 

Proposition 4.5. A is an H-Galois extension of A^ if and only if 0{p) = fc(p)(8)if 
for all p G Spec A, if and only if 0{p) = k{p) ® H for all maximal ideals p of A. 

Proof. The map 7 is A-linear with respect to the actions of A by multiplications on 
the first tensorands. If 7 is surjective then so too is k{p) 7 for every p e Spec^. 
The latter can be identified with the map jp : k{p) (g) A ^ fc(p) ® H such that 
c ® 6 I— > (c (g) l)6p{b). The image of 7p coincides with 0(p), and therefore 7p is 
surjective if and only if 0(p) = k{p) (8> H. Note that the ^-module A^H is finitely 
generated since so is the /T-module H. By [4, Ch. II. §3, Prop. 11] 7 is surjective 
whenever the maps 7p arc surjective for all maximal ideals of A. □ 

Remark. If A is i?-Galois then dim 0(p) = rkpn^c H. The function p 1-^ dim 0(p) 
is therefore locally constant in this case. In fact the conclusions of Theorem 4.3 are 

valid for an ff-Galois A under much weaker assumptions. One needn't assume A 
to be either i?-reduced or even commutative. If A is i?-Galois, then A is finitely 
projective as a left and as a right ^■'^-module [16, (1.7), (1.8)]. Moreover, the functor 
M establishes an equivalence between and the category of A^-modules 

provided that A is a faithfully flat left A^-module (this is automatic when A is 
commutative) [25, Th. 3.7]; similar results can be found in [9, (2.11)], [28, p. 661]. If 
A and H are commutative, then the condition that A is _ff-Galois means precisely 
that the finite group scheme Specif operates freely on Spec A. The corresponding 
results on the quotient of this action are contained in [7, Ch. Ill, §12] and [22, 
Ch. Ill, §2]. Thus Theorem 4.3 generalizes these classical results. 

Lemma 4.6. Suppose thai A is H-red,uced and Noetherian. Let p G Spec A he H- 
regular, and let ai, . . . , Od £ A be elements such that 6pai, . . . , dpUd form a basis 
for 0{p) over k{p). Then there exist s G A^ \ p and an integer n > such that 
C A"ai + . . . + A"ad. 

Proof. Let s be as in Lemma 3.4(iii). Put 

d 

B={A^1)- 5{A) and E=J2{^^'^)- ^{a-i) 

so that E C B C A H . Both B and E arc ^-submodules oi A^ H with respect 
to the action of A by left multiplications on the first tensorand. Localizing at s, we 
obtain a chain of A^-modulcs Eg C Bg C Ag (E) H. Clearly Bg = {Ag ® 1) ■ S{Ag) and 
Es = Yli=i{^s ® 1) • S{a'^) where denotes the image of in Ag. The if-comodule 
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algebra ^4^, fulfills the hypotheses under which Claim 2 in the proof of Theorem 4.3 
was verified. This claim shows that Bg is an A^-module direct summand of (g) if 
and Bg is a free ^g-module with d{a[), . . . , S{a'j) as its basis. In particular, Bg = Eg. 
Now B is a finitely generated A- module since so is A(E)H and A is Noetherian. Hence 
there exists an integer m > such that (s™ (^1) ■ B C E. 

Let F be a free A-module with a basis ei, . . . , e^. Consider the ^-module ho- 
mo morphism Lp : F ^ A® H such that ^ S{ai) for each i = 1. .... d, and put 
R = keiif. The localization of <p at s is an isomorphism of Eg onto Bg, whence 
Rg = 0. The A-module R is finitely generated as A is Noetherian. It follows that 
there exists an integer I > such that s'i? = 0. Taking n = m + /, we will show 
that the conclusion of the lemma is fulfilled. 

Put T = A ^ H considered as a ring extension of A by means of the ring 
homomorphism S : A A(E)H. We claim that T is a projective right A-module with 
respect to 6. The iC-linear transformation v of A®H such that a®hi-^ {l®h)-6a 
for a e A and h G H is invertible (the assignment a (g) /i i— > (1 /i) • {id <S'cr~^){Sa) 
defines the inverse transformation). As iy{ab (E) h) = iy{a (E)h) ■ Sb for all a,b E A and 
h £ H, one sees that v is an isomorphism between the two A-module structures 
on A obtained via ring homomorphisms 6 6 (g) 1 and 6, respectively. As H 
is X-projective, A (E) H is projective with respect to the first of these two module 
structures, hence also with respect to the second one. 

By projectivity of T over A we obtain an exact sequence of T-modules 

O^Ti»aR^T^aF-^T^a{A^H)^T<»H^A^Hi^H 

where tp = id ®(p and the isomorphisms shown are such that y^zinT ®a {A Cg) H) 
goes to {y ®1) ■ [5 ® id){z) in A® H ® H where y, ^; € ^4 (g) iJ. As (5s = s (g 1 is in 
the center of T, we get 

(s' (g 1)T (g)A i? = T5{s^) (EaR = T<S)a s^R = 0. 

Note that ■tp{l (g Cj) = (g) id){5ai) in A ^ H <S: H for each i = 1,. . . ,d. Given 

Xi, . . . ,Xd & T, wc deduce that 

{xi (g 1) • ((5 id){Sa,) = G ker^; =^ (s' (g l)xi = 0. (4.6) 

Let now a € ^ be any element, and put b = s^a. Then Sb = (s™ <E)1) ■ Sa & E. 
We can write therefore (56 = ^ (c, ig) 1) • Sat for some ci, . . . , q G A. Applying id (g)e 
to both sides of this equality, we get b = Y^ CiCi. Applying 6 ig) idjj and id^ (SiA, we 
get 

J2 {5ci (g 1) • ((5 (g id)5ai = (c, (g 1 (g 1) • (^ (g id)5ai 

in A® H ® H (cf. the proof of Claim 4 in Theorem 4.3). Now (4.6) shows that 

(s' g) 1) • {Sci — Ci g) 1) = for each i = 1, . . . , c?. The last equalities can be rewritten 
as d{s^Ci) = s^Ci (g 1, which shows that s'cj e A^ for each i. We deduce that 
s"a = s^b = J2 s^Citti is of required form. □ 

5. Semisimple stabilizer subalgebras and total integrals 

For each p e Spec^ consider the left coideal subalgebra St(p) C fc(p) (g H* 

corresponding to the right coideal subalgebra 0(p) C k{p) (g H (sec Proposition 
1.6). We call St(p) the stabilizer subalgebra associated with p. This name is justified 
by the next lemma. We may regard fc(p) (g ^4 as an iJ-comodule algebra with respect 
to the map id (g(5 or as a comodule algebra for the Hopf algebra k{p) (g H over fc(p). 
Then k{p) ^ A is also a module over k{p) (g H*. 
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Lemma 5.1. Put A' = k{p) (x) A, and let a'^ : A' ^ k{p) be the homomorphism of 
k{p)-algebras which extends the canonical ring homomorphism ap : A ^ k{p). Then 
p' = keroip is a maximal ideal of A' such that fc(p') = k{p) and St(p') = St(p). 
Furthermore, St(p) is the largest left coideal of k{p) (g) H* which leaves p' stable. 

Proof. Clearly A' /p' = k{p) so that p' is a maximal ideal of A' with residue field k{p). 
The map 'y : A —>■ A' defined by the rule a t-^ 1 ® a for a G ^ is a homomorphism 
of -ff-comodule algebras. Since aj, o 7 = ap, we have 7~^(p') = kerap = p and 7 
induces an isomorphism k(p) = k{p'). Since fc(p) (g) 1 C A'^ , Lemma 3.2 yields an 
isomorphism 0(p) = O(p'). Then St(p) ^ St(p') as well. To complete the proof of 
the lemma we may pass to base ring k{p) replacing p, A, H with p', A', k{p) (g H, 
respectively. Thus it suffices to consider the case where is a field and p is a 
maximal ideal of A such that fc(p) = K. 

In this case 0{p) — 5p{A). Since e o 5p = ap as shown in diagram (3.1), we see 
that Sp{a) e 0(p)+ for a G ^ if and only if a G kcrap = p. Hence 0(p)^ = Sp{p). 
For p to be stable under the action of ^ € H* it is necessary and sufficient that 
(ttp o Lj)(p) = where is the transformation of A shown in (1.2). Since 

ap o = {ap o S = ^ o Sp, 

this condition can be rewritten as ^(0(p)+) = 0. Suppose that C C H* is a left 
coideal consisting of linear functions which vanish on 0(p)+. If ^ e C and h ^ H 
then £, ^ h e C where £, ^ h G H* is defined by the rule (^ ^ h){g) = £,{hg) for 
g G H. Hence all ^ e C vanish on H ■ 0{p)~^ and so belong to St(p). □ 

Remetrk. Note that in the situation of Proposition 1.6 dimC = dim H/HB~^ = 
rks H = dimH/ dimS. Applying this fact to the orbital subalgebras, we deduce 
that 

dimO(p) • dimSt(p) = dimfc(p) (g) = vkp^K H. 

One may regard if as a right i?-comodule via A. Any i?-comodule homomor- 
phism : H ^ Ais called an integral. If, in addition, Lp{\) = 1 then is a total 
integral. As was observed by Doi [8] the comodulo algebras admitting a total in- 
tegral enjoy remarkable properties. An if-comodule W is called relatively infective 
if, whenever U is an if-costable ii'-module direct summand of an iJ-comodule V, 
every if-comodule map U ^ W can be extended to an iJ-comodule map V ^W. 

Proposition 5.2. The following conditions are equivalent: 

(i) All objects M G are relatively injective H-comodules; 

(ii) A is a relatively injective H-comodule; 

(iii) There exists a total integral ip : H ^ A; 

(iv) There exist natural K-linear retractions ivM ■ M , defined for each 
M gM^] 

(v) The functor M 1— > is exact on M.^; 

(vi) A is a projective object of A4^ . 

Proof. Equivalences (i)<^(ii)<^(iii) arc proved in [8, (1.6)]. 
(iii)=^(iv) Denote by trM the composite 
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M 



s 



id 0(T 



id 



M 



where the last map is afforded by the ^-module structure on M. As was shown in 
[10, §1] trM(M) C and all required properties are fulfilled. 

(iv) =»(v) The functor M i-> is clearly left exact. Suppose that ^ : M ^ N 
is an epimorphism in M^. Given u G , take v € M such that ^{v) = u. 
Then ivM{v) S and ^(trM(t^)) = tr;v(^(i^)) = u. Thus ^ induces a surjection 
M" N". 

(v) <^(vi) This is clear since every morphism A — > M in is given by the rule 
a I— > wa where v € . 

(v)=>(iii) If V, W are two JC-modules and V is finitely projective, then there is 
a canonical bijection avw ■ V* 0W ^ Honix(X^, W^) where V* = Honix(X^, -ft'). 
Suppose that V, W are, moreover, iJ-comodulcs. Define an iJ-comodule structure 
on V* such that St] € V* (Si H, where rj G V* , corresponds under bijection avH to 
the composite K-lmeai map 



(note that the antipode cr of is bijective by [24, Prop. 4]). If V'* (X) is equipped 
with the tensor product of two comodule structures, then ayw maps {V* (8) W)^ 
bijectively onto the set Com(V, W^) of all -ff-comodule homomorphisms V — > W. 
As a special case we have V* (E) A € where A operates by multiplications on 
the second tensorand. Now if is a if-module direct summand oi H as e : H ^ K 
is a retraction. Moreover, K is an iJ-subcomodule of H. Then the restriction map 
H* K* is an epimorphism of ii-comodules which gives rise to an epimorphism 
H* A — > K* ® A m. M^- Taking the invariants, we deduce that the restriction 
map Com(i7, A) — > Com(ii', A) is surjective. In particular, the i?-comodule map 
K ^ A such that 1 i— »• 1 extends to an integral (p : H ^ A. □ 

Remark. The commutativity of A is not needed in this result. The assumption 
that H is a finitely projective if-modulc was used only in the proof of (v)=>(iii). 

Proposition 5.3. // the algebra St(p) is semisimple for some p G Spec A then there 
exists an integral ip : H A such that (p{l) ^ p. If the algebras St(p) are semisimple 
for all maximal ideals p of A then there exists a total integral ip : H A. 

Proof, (i) Consider first a Preliminary Step in which we assume that if is a field 
and p is a maximal ideal of A such that A = K + p. Then k{p) = K, and one has 
0{p) = Sp(A). Let / = kcr(5p. The iJ-comodule algebras 0{p) and A/I are iso- 
morphic, whence the category M^^j is equivalent to the category of St(p)-modules 
by Proposition 1.6. As St(p) is semisimple, all St(p)-modules are projective. It fol- 
lows that so are all objects of too. In particular, A/I is projective in Al^^j. 
Then A/ 1 is an injcctive ii-comodulc by Proposition 5.2. Hence A/I is an injectivc 
ii*-module. Since H* is a Frobenius algebra, A/I is also a projective fi*-module. 
It follows that the canonical epimorphism of i?*-modules A ^ A/I splits, and so 
there exists an iJ-subcomodule V C A such that A = V (B I. Now V is an injectivc 
ii-comodule as it is isomorphic to A/ 1. Denote hy v & V the element which projects 
to 1 in A/I. Clearly v G . Note that if is a trivial i?-subcomodule of H. By 
injectivity of V the ii-comodulc homomorphism K ^ V such that 1 v extends 
to an ii-comodule homomorphism tp : H V which can be regarded as an integral 



^ K(g)H 
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H ^ A. Wc have (^(1) = v. By Lemma 3.1 / C p. It follows that v ^ p, and the 
required property of (p is fulfilled. 

Consider now the General Case. Let p be given, and put H' = k{p) (8) H. The 
hypotheses of the Preliminary Step are fulfilled for the i/'-comodulc algebra A' — 
k{p) (8) A over fc(p) and its maximal ideal p' defined in Lemma 5.1. It follows that 
there exists an integral ip : H' ^ A' such that ■0(1) ^ p'. Taking the composite with 
the map H ^ H' defined by the rule h 1 (g) h, wc obtain an integral x '■ H ^ A' 
satisfying x(l) ^ p'- Note that the if-comodule homomorphisms are precisely the 
iI*-module homomorphisms. By Lemma 1.3 the i?*-module H is finitely projective. 
Hence 

RouiH* {H, A') ^ k{p) (g) Homff. (H, A). 

If Lp : H ^ A is an integral, then 1 (g) corresponds under this isomorphism to the 
integral j o ip : H ^ A' where 7 : ^4 — > A' is defined by the rule a 1— > 1 (8> a for 
a G A. There exists therefore (p such that (7 o </?)(l) ^ p'. Since 7~^(p') = p, we get 
<pil)^p. 

(ii) If a e A^ and <p,tp : H ^ A are two integrals then a^p and ^ + tp are also 
integrals. In other words, the set Com(iJ. A) of all integrals ^ ^4 is an A^-module 
in a natural way. One sees that the map Com(ff, A) ^ A such that 1— > ip{l) is a 
homomorphism of ^^-modules. Its image J is therefore an ideal of A^ . If St(p) is 
semisimplc for some p E Spec^ then J ^ p by (i). It follows that J = A as long 
as the algebras St(p) are semisimple for all maximal ideals of A. In this case 1 £ J, 
and we are done. □ 

Remark. Conversely, if there exists an integral (p : H ^ A such that ip{l) ^ p, 
then it is possible to prove, using Proposition 1.6, that all left k(p) (g) i/*-modules 
are semisimple St(p)-modules. I don't know if this suffices to assert that St(p) is 
semisimple. Koppinen [15, section 5] shows the semisimplicity of coideal subalgebras 
in finite dimensional Hopf algebras under additional assumptions. If, however, H is 
commutative, then St(p) is a Hopf subalgebra, and the conclusion is true. In this 
case one can add another equivalent condition to the list in Proposition 5.2: 

(vii) the algebras St(p) are semisimple for all p G Spec A. 

We say that the Hopf algebra H is geometrically cosemisimple if for every ring 
homomorphism K ^ E into a field E the Hopf algebra E<^H over E is cosemisimple, 
that is, the dual Hopf algebra E (g) H* is semisimple. 

Corollary 5.4. H is geometrically cosemisimple if and only if H* contains a right 
integral ip such that (p{l) = 1. 

Proof. Apply Proposition 5.3 to A = K equipped with the trivial coaction of H, 

so that = K. We have 0(p) = k{p) 1, hence St(p) = k{p) ® H* for each 
p e Spec A. If H is geometrically cosemisimple then the algebras fc(p) ® H* are 
semisimple. In this case there exists a total integral (p : H ^ K which is none 
other but a right integral in H*. Conversely, if H* has a right integral (p satisfying 
(p{l) = 1, then so too does E (g) H* for any ring homomorphism K ^ E into a field 
E. By [27, Th. 5.1.8] E H* is semisimple. □ 

As an example consider one special case: Suppose that pK = where p is a 

prime integer. Let i be a p-Lie algebra over K whose underlying ii'-module is 
finitely projective. Denote by u{L) the restricted universal enveloping algebra of L. 
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Its underlying i^T-modulc is finitely projeetive as well [7, Cli. II, §7, Cor. 3.7]. Put 
H = u{L)* so that H* = u{L). Every homomorphism of J3-Lie algebras L Der^ A 
into the p-Lie algebra of JsT-linear derivations of A gives rise to an action of u{L) on 
A which makes A into a M(L)-niodulc algebra, hence into an _ff-comodule algebra. 
Ifp G SpecAthen St(p) is a Hopf subalgebra of fc(p) (g)u(L) = u{k{p)®L) since the 
latter Hopf algebra is cocommutative. Hence St(p) = u{L^) where Lp is a [p]-closed 
subalgebra of the finite dimensional p-Lic algebra fc(p) ® L over fc(p). In view of 
Lemma 5.1 Lp coincides with the stabilizer of p' with respect to the natural action 
of k{p) (g) L on k{p) A. 

Corollary 5.5. In order that there exist a total integral u{L)* A it is necessary 
and sufficient that Lp be a torus for every maximal ideal p of A. 

Proof. As was shown by Hochschild [13] u{Lp) is semisimplc if and only if Lp is a 
torus. Hence Proposition 5.3 and the Remark following it applies. □ 

6. Weakly reductive coactions 

We say that A is weakly reductive with respect to the coaction of H if for every 
_ff-costable ideal I oi A the canonical map ip : A^ (A/I)-^ is surjective. 

Proposition 6.1. A is weakly reductive with respect to coaction of H in any of the 
following three cases: 

(a) A has invariant characteristic polynomials and rkq H is invertible in A for 

every q £ Spec -fsT, 

(b) there exists a total integral H ^ A, 

(c) A is H -reduced and St(p) is semisimplc for every maximal ideal p of A which 
is not H-regular. 

Proof. Let / be an _ff-costable ideal of A. 

(a) Denote by m the least common multiple of all rkq ff with q G Specif. 
Proposition 2.6 shows that m • {A/I)^ C imt/;. The hypothesis of (a) imply that 

£ j4, hence G A^ . It follows that ijj is surjective. 

(b) The surjectivity of ^ is a consequence of condition (v) in Proposition 5.2. 

(c) For tj} to be surjective it is necessary and sufficient that so be its localizations 
V-'q at all maximal ideals q of A^ . By Lemma 1.1 we may identify ^/jq with the 
canonical map (^q)^ — *■ (^q//Aq)^. Replacing A with ^q, we may thus assume 
that the ring A^ is local with a maximal ideal q. If there exists an if-regular 
maximal ideal of A then all prime ideals of A are iJ-rcgular by Lemma 3.6, and 
the surjectivity of tp follows from Theorem 4.3(ii). Otherwise the algebras St(p) are 
semisimple for all maximal ideals of A, and there exists a total integral iJ — > A by 
Proposition 5.3. In this case (b) applies. □ 

Remark. Suppose that K is field. In this case the second part of (a) means that 
char K does not divide dunx H- Condition (b) is fulfilled, for instance, when H is 
cosemisimple. 

Theorem 6.2. If A is weakly reductive with respect to coaction of H then: 

(i) A is integral over A". 

(ii) //p G Spec A and q = ptlA^ then k{p) is a finite extension ofk{q) of degree 
[k{p) : k{q)] < dimO(p). 
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(iii) If A is Noetherian then so too is and A is a finite A^ -module. 

(iv) If A is Cohen-Macaulay then so too is A^ . 

Proof, (i) Denote by R the i7-radical of A. As A/R is i7- reduced, it has invariant 
characteristic polynomials by Theorem 2.5, and so A/R is integral over (A/R)^ 
by Proposition 2.7. Since A is weakly reductive, we have (A/R)^ = B/R where 
B = A^ + R. It follows that A is integral over B. All elements of R are nilpotent, 
hence integral over A^ . Then B is integral over A^ , and so too is A. 

(ii) Let I be the largest i?-costable ideal of A such that 7 C p. The 7f-comodule 
algebra A' = Aq/IAq is if-simple by Lemma 4.2. Letting p' — pAq//^q and q' = 
p' n A'^ , we have A;(p') = A:(p) and A:(q') = fc(q). The second isomorphism is a 
consequence of the surjectivity of the map A^ (A/I)^ . We may therefore replace 
A with A' and so assume that A is iJ-simple. Then the desired conclusion follows 
from Lemma 4.1. Indeed, A^ is a field, so that q = (0) and fc(q) = A" . We have 
also dim^H A = dimO(p) and fc(p) = A/p. 

(iii) Suppose that A is not a finitely generated A^-module. Since A is Noetherian, 
A contains an ideal /, maximal with respect to the properties that I is i?-costable 
and A/I is not a finitely generated (A//) ^-module. Replacing A with A/I, we 
may assume that A/ J is a finitely generated {A/ J)^ -module for every i?-costable 
nonzero ideal J of ^. Since the canonical map A^ (A/J)^ is surjective, for any 
such a J there exists a finitely generated ^^-submodule F c A which is mapped 
onto the whole A/, J under the projection A ^ A/ J, so that A = F + ,J. 

Denote by R the i?-radical of A. Suppose that R^ 0. Then there exists a finitely 
generated ^''^-submodule F c A such that A = F -\- R. Let X be a finite set of 
generators for the A^-module F. Since A is Noetherian, the ideal R oi A has a 
finite set of generators, say Y. Denote by B the A^-subalgebra of A generated by 
X UY . As F c B hy construction, we have A = B -\- R. Since F C -B, we have also 
R={B + R)Y CB + R^. kn easy induction shows that i?™"! = 05) + /?™ 

and A = B -\- R"^ for all m > 0. As i? is a finitely generated nil ideal of A, there 
exists m such that R"^ = 0. Thus A = B, and so A is finitely generated as an 
algebra over A^ . By (i) A is also a finitely generated A^-module [4, Ch. V, §1, 
Prop. 4]. 

Suppose now that R = 0, that is, A is _ff-reduced. By Proposition 3.5 A contains 
an i?- regular prime ideal p. Let ai,...,ad G A, s G A^ and n > be as in 
Lemma 4.6. The ideal s"A of A is iJ-costable and nonzero. Hence there exists a 
finitely generated A-^-submodule F C A such that A = F -\- s"A. From Lemma 
4.6 it follows that A = F -\- ^A^Oj. Thus in both cases we have arrived at a 
contradiction. 

We can conclude that A is a finitely generated A^-module. By Eakin's theorem 
[11], [19, Appendix], [23] A" is Noetherian. 

(iv) By (iii) A^ is Noetherian. We have to prove that A^ is Cohen-Macaulay 
for every q G Spec A^ . Replacing A with , we may thus assume that the ring A^ 
is local with a maximal ideal q. If Spec^^ = {l} then A^ is Artinian, and we are 
done. Otherwise, let pi, ... , p„ be all minimal prime ideals of A. By the going-down 
property in Theorem 3.3 each piCiA^ is a minimal prime ideal of A^ , whence C[ ^ pi. 
Then q ^z! (Jpi [4, Ch. II, §1, Prop. 2]. The set of zero divisors in A coincides with 
IJpi [19, (16. C)]. It follows that q contains an element x which is not a zero divisor 
in A. The factor ring A/xA is Cohen-Macaulay of smaller KruU dimension than A. 
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Furthermore, (A/xA)^ = A^ /{xAdA^) since A is weakly reductive. Suppose that 
a G A is an element such that xa G A^ . Then {x (g) l)da = S{xa) = a;a (8) 1. Since H 
is a flat /C- module, x0 1 is not a zero divisor in A^H. So it follows that 5a = a® 1, 
i.e., a e A". Thus (A/xA)" = A"/xA". If the ring A"/xA" is Cohen-Macaulay 
then so too is A^ since x is not a zero divisor in A^ [19, (16. A)]. So we may proceed 
by induction on dim A. □ 

Remarks. If there exists a total integral H A then A^ is an A^-moduIe 
direct summand of A. In this case (iv) follows from the Hochster-Eagon theorem 
[5, Th. 6.4.5], [14, Prop. 12]. 

One may also note that all results of section 3 are valid for a weakly reductive 
A without the assumption that A has invariant characteristic polynomials. Indeed, 
Spec A and Spec are homeomorphic to Spec A/i? and Spec(A/_R)^, respectively, 
where R stands for the if-radical of A. So the proofs are obtained by passing to the 
if-reduced algebra A/R. 

Suppose that pK = where p is a prime integer and L is a finitely JsT-projective 
p-Lie algebra over K operating on A via ii'-linear derivations. Taking into account 
Corollary 5.5, we get 

Corollary 6.3. If A is Cohen-Macaulay and Lp is a torus for every maximal ideal 
p of A then the subring of L-invariants A^ c A is Cohen-Macaulay. 

This generahzes [1, (7.1)] and [2, (3.1)] where the invariants of a single derivation 
were considered under more restrictive assumptions on A. 
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